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Abstract
There is a remarkable connection between quantum generating functions of field theory and
formal power series associated with dimensions of chains and homologies of suitable Lie
algebras. We discuss the homological aspects of this connection with its applications to
partition functions of the minimal three-dimensional gravities in the space-time asymptotic
to AdS3, which also describe the three-dimensional Euclidean black holes, the pure N = 1
supergravity, and a sigma model onN -fold generalized symmetric products. We also consider
in the same context elliptic genera of some supersymmetric sigma models. These examples
can be considered as a straightforward application of the machinery of modular forms and
spectral functions (with values in the congruence subgroup of SL(2,Z)) to partition functions
represented by means of formal power series that encode Lie algebra properties.
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1 Introduction
In this paper we start to explore a remarkable connection between quantum partition func-
tions and formal power series associated with dimensions of chains and homologies of Lie
algebras (Euler-Poincare´ formula). The combinatorial identities we will be concerned with
play an important role in a number of physical models. In particular, such identities, related
to appropriate Lie algebras (and Lie groups), are linked to partition functions of quantum
gravity and extended supergravity, elliptic genera of superconformal quantum theory and
supersymmetric sigma models, and play a special role in string and black hole dynamics.
From a concrete point of view this paper consists of applications of modular forms (and
spectral functions related to the congruence subgroup of SL(2,Z)) to partition functions
connected to suitable Lie algebras. The connection referred to above is particularly striking
in the case of the correspondence between three-dimensional quantum gravity, in a space-
time asymptotic to AdS3, and 2D CFT’s. On the AdS3 one has Selberg spectral functions
and Ruelle functions; on the CFT side partition functions and modular forms. What we
would like to show is that these objects have a common background constituted by Euler-
Poincare´ and Macdonald identities, which, in turn, describe homological aspects of (finite or
infinite dimensional) Lie algebra representations.
In Sect. 2 we consider theory of the minimal three-dimensional quantum gravity in a space-
time asymptotic to AdS3, black holes and the Neveu-Schwarz and Ramond sector of N = 1
supergravity. The symmetry group of AdS3 gravity (with appropriate boundary conditions)
is generated by the Virasoro algebra [1], and the one-loop partition function is indeed the
partition function of a conformal field theory in two dimensions (CFT2) [2].
In Sect. 2.1 we introduce the Petterson-Selberg and Ruelle spectral functions of hy-
perbolic three-geometry and then, in Sect. 2.2, we analyze the one-loop corrections to
three-dimensional gravity and show that the holomorphic contribution to partition func-
tions corresponds to the formal character of the Vir-module. We calculate the asymptotic
limit for the coefficient in the expansion of partition functions and conclude that it has a
universal form indicating that q-series inherit Lie algebra properties. Quantum partition
functions for the three-dimensional black holes we compute in Sect. 2.3. We extend our
results to N = 1 supergravity in Sect. 2.4. We show that infinite series of quantum correc-
tions for three-dimensional gravity and the Neveu-Schwarz and Ramond sector of N = 1
supergravity can be reproduced in terms of Selberg-type spectral functions in a holomorphi-
cally factorized theory.
In Sect. 3 we discuss the homological aspects of the Macdonald identities which are related
to Lie algebras (the Euler-Poincare´ formula). In reproducing the main results we follow the
book [3]. This section is designed to provide the reader with a brief introduction to homo-
logical aspects of differential complexes and indicate how combinatorial identities, useful for
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derivation of partition functions, could be obtained from an initial complex of (graded) Lie
algebras.
In Sect. 4 we consider examples for which we show that partition functions can be written in
terms of Selberg-type (Ruelle) spectral functions associated with q-series, although the hy-
perbolic side remains to be explored. In our examples we concentrate on a (supersymmetric)
sigma models.
In Sect. 4.1 we explain briefly a relation between the Heisenberg algebra, its representa-
tion and the Hilbert scheme of points. In Sect. 4.2 we analyze sigma models on the N -fold
symmetric product XN/SN (SN is the symmetric group of N elements). The elliptic genus
of a supersymmetric sigma model is (almost) an authomorphic form for O(3, 2,Z). (For triv-
ial line bundles the elliptic genus degenerates to the Euler number (or Witten index) and can
be rewritten in terms of spectral functions of hyperbolic geometry). The notion of elliptic
genus was introduced in [4] with applications in [5]. It has been argued that it is possible
to use elliptic modular forms to write generating functions (elliptic genera) of quantum field
theory for infinite series of operators associated with homologies of finite dimensional Lie
algebras. The elliptic genus can be interpreted as a natural invariant in generalized cohomol-
ogy theory, the so-called elliptic cohomology [6, 7]. Such cohomology could be proposed as a
generalization of K-theory, and at this point partition functions might be related to elliptic
cohomology and K-theory. We pay attention to the special case of algebraic structures of the
K-groups KH˜ΓN (X
N) of ΓN -equivariant Clifford supermodulus on X
N , following the lines of
[8]. This case is important since the direct sum F−Γ (X) = ⊕
∞
NKH˜ΓN (X
N) carries naturally
a Hopf algebra structure, and is isomorphic to the Fock space of a twisted Heisenberg super-
algebra with KH˜ΓN (X)
∼= KΓ(X). We represent in terms of the Ruelle spectral function the
dimension of a direct sum of the equivariant K-groups (related to a suitable supersymmetric
algebra). We analyse also elliptic genera for generalized wreath and symmetric products
on N -folds; these cases are examples of straightforward applications of the machinery of
modular forms and spectral functions discussed above.
In Sect. 4.3 we study the generating functions on (loop) orbispaces with its relation to
the Macdonald polynomials and the Ruelle spectral functions.
In Sect. 4.4 we discuss a multiple D-brane description which leads to a two-dimensional
sigma model with target space the sum of symmetric products of the K3 space [9]. The
counting of the BPS states is naturally related to the elliptic genus of this sigma model,
while the degeneracies are given in terms of the denominator of a generalized super Kac-
Moody algebra which admits description in terms of spectral functions.
Finally in Sect. 5 (Conclusions) we briefly outline issues and futher perspectives for analysis
of gravity partition functions, string N -fold solutions and deformation quantization.
4
2 Three-dimensional gravity, black holes and N = 1
supergravity
In this section we would like to shed light on some aspects of the AdS3/CFT2 correspondence.
It is known that the geometric structure of three-dimensional gravity (and black holes)
allows for exact computations since its Euclidean counterpart is locally isomorphic to the
constant curvature hyperbolic space. Because of the AdS3/CFT2 correspondence, we expect
a correspondence between spectral functions related to Euclidean AdS3 and modular-like
functions (Poincare´ series) 3. We assume that this correspondence occur when the arguments
of spectral functions take values on a Riemann surface, viewed as the conformal boundary
of AdS3. According to the holographic principle, there exist strong ties between certain field
theory quantities on the bulk of an AdS3 manifold and related quantities on its boundary at
infinity. To be more precise, the classes of Euclidean AdS3 spaces are quotients of the real
hyperbolic space by a discrete group (a Schottky group). The boundary of these spaces can
be compact oriented surfaces with conformal structure (compact complex algebraic curves).
A general formulation of the Holography Principle states that there is a correspondence
between a certain class of fields, their properties and their correlators in the bulk space,
where gravity propagates, and a class of primary fields, with their properties and correlators
of conformal theory on the boundary. More precisely, the set of scattering poles in 3D
coincides with the zeroes of a Selberg-type spectral function [10, 11] (see Sect. 2.1 below);
thus encoded in a Selberg function is the spectrum of a three-dimensional model.
• In the framework of this general principle we would like to illustrate the correspondence
between spectral functions of hyperbolic three-geometry (its spectrum being encoded
in the Petterson-Selberg spectral functions, see Remark 2.1 below) and Poincare´ series
associated with conformal structure in two dimensions.
2.1 Spectral functions of hyperbolic three-geometry
The Euclidean sector of AdS3 has an orbifold description H
3/Γ. The complex unimodular
group G = SL(2,C) acts on the real hyperbolic three-space H3 in a standard way, namely
for (x, y, z) ∈ H3 and g ∈ G, one gets g · (x, y, z) = (u, v, w) ∈ H3. Thus for r = x+ iy, g =[
a b
c d
]
, u+ iv = [(ar+b)(cr + d)+acz2] · [|cr+d|2+ |c|2z2]−1, w = z · [|cr + d|2 + |c|2z2]−1 .
Here the bar denotes the complex conjugation. Let Γ ∈ G be the discrete group of G defined
3 The modular forms in question are the forms for the congruence subgroup of SL(2,Z), which is viewed
as the group that leaves fixed one of the three non-trivial spin structures on an elliptic curve.
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as
Γ = {diag(e2nπ(Im τ+iRe τ), e−2nπ(Im τ+iRe τ)) : n ∈ Z} = {gn : n ∈ Z} ,
g = diag(e2π(Im τ+iRe τ), e−2π(Im τ+iRe τ)) . (2.1)
One can define the Selberg-type zeta function for the group Γ = {gn : n ∈ Z} generated by
a single hyperbolic element of the form g = diag(ez, e−z), where z = α + iβ for α, β > 0. In
fact we will take α = 2πIm τ , β = 2πRe τ . For the standard action of SL(2,C) on H3 one
has
g
 xy
z
 =
 eα 0 00 eα 0
0 0 eα
 cos(β) − sin(β) 0sin(β) cos(β) 0
0 0 1
 xy
z
 . (2.2)
Therefore g is the composition of a rotation in R2 with complex eigenvalues exp(±iβ) and a
dilatation exp(α). The Petterson-Selberg spectral function ZΓ(s) can be attached to H
3/Γ
(see also [12]) as follows:
ZΓ(s) :=
∞∏
k1,k2≥0
k1,k2∈Z
[1− (eiβ)k1(e−iβ)k2e−(k1+k2+s)α] . (2.3)
Zeros of ZΓ(s) are precisely the complex numbers ζn,k1,k2 = − (k1 + k2) + i (k1 − k2) β/α +
2πin/α , (n ∈ Z). The logarithm of ZΓ(s) for Re s > 0 is given by [12]
logZΓ(s) = −
1
4
∞∑
n∈Z+
e−nα(s−1)
n[sinh2
(
αn
2
)
+ sin2
(
βn
2
)
]
. (2.4)
In order to appreciate the importance of zeros of ZΓ(s) it is necessary to briefly outline
the spectral analysis of the Laplacian ∆Γ = z
2(∂2/∂x2 + ∂2/∂y2 + ∂2∂z2) − z∂/∂z, where
a key notion is played by the scattering resonances (see for more detail [10]). The space of
square-integrable functions on the black hole H3/Γ, with respect to the Riemannian volume
element dV , has an orthogonal decomposition
L2
(
H3/Γ, dV
)
=
∑
m,n∈Z
⊕Hmn with Hilbert space isomorphisms Hmn ∼= L
2 (R+, dt) ,
(2.5)
where R+ is the space of positive real numbers. A spectral decomposition takes the form
−∆Γ ≃
∑
m,n∈Z
⊕Lmn , Lmn = −
d2
dt2
+ 1 + Vmn(t) , (2.6)
where Lmn are the Schro¨dinger operators with Po¨schel-Teller potentials Vmn(t) = (k
2
mn +
1/2)sech2t+(m2−1/4)cosh2t, kmn := −mβ/α+πn/α. (For details of this and the following
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remarks the reader can consult [10], for example.) The Schro¨dinger equation Ψ′′(x) + [E −
Vmn(x)]Ψ(x) = 0, which reduces to the eigenvalue problem LmnΨ = k
2Ψ for E = k2− 1, has
a known solution Ψ+(x) (in terms of the hypergeometric function) with asymptotics
Ψ+(x) ∼
eikx
Tmn(k)
+
Rmn(k)
Tmn(k)
e−ikx, (2.7)
for reflection and transmission coefficients Tmn(k), Rmn(k) respectively. Define k
def
= i(1−s).
Then one can form the scattering matrix [Smn(s)]
def
= [Rmn(k)] of −∆Γ, whose entries are
quotients of gamma functions with ”trivial poles” s = 1 + j, j ∈ Z+ ∪ {0}, and non-trivial
poles
s±mnj := −2j − |m| ± i |kmn| . (2.8)
The s±mnj are the scattering resonances.
Remark 2.1 It is remarkable fact that the set of scattering poles in (2.8) coincides with
the zeros of ζn,k1,k2, as it can be verified. Thus encoded in ZΓ(s) is the spectrum of a three-
dimensional model.
Generating and spectral functions. Using the equality sinh2 (αn/2) + sin2 (βn/2) =
| sin(nπτ)|2 = |1− qn|2/(4|q|n) and Eq. (2.4) we get
log
∞∏
m=ℓ
(1− qm+ε) =
∞∑
m=ℓ
log(1− qm+ε) = −
∞∑
n=1
q(ℓ+ε)n(1− qn)|q|−n
4n| sin(nπτ)|2
= log
[
ZΓ(ξ(1− it))
ZΓ(ξ(1− it) + 1 + it)
]
, (2.9)
log
∞∏
m=ℓ
(1− qm+ε) =
∞∑
m=ℓ
log(1− qm+ε) = −
∞∑
n=1
q(ℓ+ε)n(1− qn)|q|−n
4n| sin(nπτ)|2
= log
[
ZΓ(ξ(1 + it))
ZΓ(ξ(1 + it) + 1− it)
]
, (2.10)
log
∞∏
m=ℓ
(1 + qm+ε) =
∞∑
m=ℓ
log(1 + qm+ε) = −
∞∑
n=1
(−1)nq(ℓ+ε)n(1− qn)|q|−n
4n| sin(nπτ)|2
= log
[
ZΓ(ξ(1− it) + iη(τ))
ZΓ(ξ(1 + it) + 1− it + iη(τ))
]
, (2.11)
log
∞∏
m=ℓ
(1 + qm+ε) =
∞∑
m=ℓ
log(1 + qm+ε) = −
∞∑
n=1
(−1)nq(ℓ+ε)n(1− qn)|q|−n
4n| sin(nπτ)|2
= log
[
ZΓ(ξ(1 + it) + iη(τ))
ZΓ(ξ(1 + it) + 1− it + iη(τ))
]
, (2.12)
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where ℓ ∈ Z+, ε ∈ C, t = Re τ/Im τ , ξ = ℓ+ ε and η(τ) = ±(2τ)
−1.
Let us next introduce some well–known functions and their modular properties under the
action of SL(2,Z). The special cases associated with (2.9), (2.10) are (see for details [13]):
f1(q) = q
− 1
48
∏
m∈Z+
(1− qm+
1
2 ) =
ηD(q
1
2 )
ηD(q)
, (2.13)
f2(q) = q
− 1
48
∏
m∈Z+
(1 + qm+
1
2 ) =
ηD(q)
2
ηD(q
1
2 )ηD(q2)
, (2.14)
f3(q) = q
1
24
∏
m∈Z+
(1 + qm+1) =
ηD(q
2)
ηD(q)
, (2.15)
where ηD(q) ≡ q
1/24
∏
n∈Z+
(1−qn) is the Dedekind η-function. The linear span of f1(q), f2(q)
and f3(q) is SL(2,Z)-invariant [13] ( g ∈
[
a b
c d
]
, g · f(τ) = f
(
aτ+b
cτ+d
)
). It can be shown
that these are modular forms of weight 0 for the principal congruence subgroup Γ48 (see also
H•(K3;Z) in the integral homology of K3, Sect. 4.4).
For a closed oriented hyperbolic three-manifolds of the form X = H3/Γ (and any acyclic
orthogonal representation of π1(X)) the analytic torsion takes the form [14]
4: [Tan(X)]
2 =
R(0), where R(s) is the Ruelle function. A Ruelle function R(s) can be defined for large Re s
and continued meromorphically to the entire complex plain C [17]. R(s) is an alternating
product of more complicate factors, each of which is a Selberg spectral function,
R(s) :=
dimX−1∏
p=0
ZΓ(s+ p)
(−1)p . (2.16)
Let us introduce next the Ruelle functions R(s), R(s), R(σ), R(σ):
∞∏
n=ℓ
(1− qn+ε) =
∏
p=0,1
ZΓ(s+ p(1 + it))
(−1)p = R(s = ξ(1− it)), (2.17)
∞∏
n=ℓ
(1− qn+ε) =
∏
p=0,1
ZΓ(s+ p(1− it))
(−1)p = R(s = ξ(1 + it)), (2.18)
∞∏
n=ℓ
(1 + qn+ε) =
∏
p=0,1
ZΓ(σ + p(1 + it))
(−1)p = R(σ = ξ(1− it) + iη(τ)), (2.19)
∞∏
n=ℓ
(1 + qn+ε) =
∏
p=0,1
ZΓ(σ + p(1− it))
(−1)p = R(σ = ξ(1 + it) + iη(τ)) . (2.20)
4 The vanishing theorems for type (0, q) cohomology Hq(X ;E) of locally symmetric spaces X have been
formulated in [15, 16].
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Since f1(q) · f2(q) · f3(q) = 1 we get
R(s = 3/2− (3/2)it) ·R(σ = 3/2− (3/2)it+ iη(τ)) ·R(σ = 2− 2it+ iη(τ)) = 1 . (2.21)
A set of useful generating functions is collected in Table 2.1.
Asymptotic expansions. The coefficients in the expansion of these generating functions
in its final form are not always known. An interesting result has been found in [18]: in the
infinite product ∏
−1≤a≤∞
−a−2≤b≤a+2
(1− tbxa), where b ≡ amod 2 and (a, b) 6= (0, 0) , (2.22)
the coefficient of x2i(= t0x2i) is equal to 2Ai = 2
∑
q≥0(−1)
qdimH
[i]
q (H ; gl(2,C)). Here the
H is a Lie algebra which can be described by means of its central extension, the Poisson
algebra. H has a natural (Z⊕Z)-grading and therefore the cited homologies become graded
too (if i 6= j then H(i,j) = 0, and H(i,i) ≡ H [i]). We shall simplify the calculations and
compute the asymptotic limit of the above coefficient.
∞∏
n=ℓ
(
1− qn+ε
)−dn
=
∞∏
n=1
(
1− qn+ξ−1
)−dn
= 1 +
∞∑
N=1
B(N)qN+ξ−1 , (2.23)
∞∏
n=ℓ
(
1− qn+ε
)−dn
=
∞∏
n=1
(
1− qn+ξ−1
)−dn
= 1 +
∞∑
N=1
B(N)qN+ξ−1 , (2.24)
∞∏
n=ℓ
(
1 + qn+ε
)−dn
=
∞∏
n=1
(
1− qn+ξ+η(τ)−1
)−dn
, (2.25)
∞∏
n=ℓ
(
1 + qn+ε
)−dn
=
∞∏
n=1
(
1− qn+ξ+η(τ)−1
)−dn
, (2.26)
where as before exp(2πiτ) = exp(−2πIm τ + 2πiRe τ), ε ≥ 0, η(τ) = ±(2τ)−1, qη(τ) ≡
exp(±πi) = −1, and dn ≡ dim gn (or rank gn) > 0. Let us consider Eq. (2.23) (Eqs. (2.24)-
(2.26) can be treated similarly). Suppose that Im τ > 0 (|q| < 1) and let
D(s; ξ) =
∞∑
N=1
dN(N + ξ − 1)
−s , s = σ + i̺, (2.27)
be the associated Dirichlet series which converges for 0 < σ < p. Assume that D(s; ε)
can be analytically continued in the region σ ≥ −C0 (0 < C0 < 1) and here D(s; ε) is
analytic except for a pole of order one at s = p with residue A(p). We assume also that
D(s; ε) = O(|̺|C1) uniformly at |̺| → ∞, where C1 is a fixed positive real number. The
Mellin-Barnes representation leads to the formula
∞∑
n=1
log(1− qn+ξ−1)−dn =
∫ 1+p+i∞
1+p−i∞
(2πi)−s−1τ−sζR(s+ 1)Γ(s)D(s; ξ)ds . (2.28)
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Table 2.1. List of generating functions
∏∞
n=ℓ(1− q
n+ε) =
[
ZΓ(ξ(1−it))
ZΓ(ξ(1−it)+1+it)
]
= R(s = ξ(1− it))
∏∞
n=ℓ(1− q
n+ε) =
[
ZΓ(ξ(1+it))
ZΓ(ξ(1+it)+1−it)
]
= R(s = ξ(1 + it))
∏∞
n=ℓ(1 + q
n+ε) =
[
ZΓ(ξ(1−it)+iη(τ))
ZΓ(ξ(1−it)+iη(τ)+1+it)
]
= R(σ = ξ(1− it) + iη(τ))
∏∞
n=ℓ(1 + q
n+ε) =
[
ZΓ(ξ(1+it)+iη(τ))
ZΓ(ξ(1+it)+iη(τ)+1−it)
]
= R(σ = ξ(1 + it) + iη(τ))
∏∞
n=2(1− q
n) =
[
ZΓ(2−2it)
ZΓ(3−it)
]
= R(s = 2− 2it)
∏∞
n=2(1− q
n) =
[
ZΓ(2+2it)
ZΓ(3+it)
]
= R(s = 2 + 2it)
∏∞
n=2(1 + q
n) =
[
ZΓ(2−2it+iη(τ)
ZΓ(3−it+iη(τ)
]
= R(σ = 2− 2it + iη(τ))
∏∞
n=2(1 + q
n) =
[
ZΓ(2+2it+iη(τ))
ZΓ(3+it+iη(τ))
]
= R(σ = 2 + 2it + iη(τ))
∏∞
n=2(1− q
n− 1
2 ) =
[
ZΓ(
3
2
− 3
2
it)
ZΓ(
5
2
− 1
2
it)
]
= R(s = 3/2− (3/2)it)
∏∞
n=2(1− q
n− 1
2 ) =
[
ZΓ(
3
2
+ 3
2
it)
ZΓ(
5
2
+ 1
2
it)
]
= R(s = 3/2 + (3/2)it)
∏∞
n=2(1 + q
n− 1
2 ) =
[
ZΓ(
3
2
− 3
2
it+iη(τ))
ZΓ(
5
2
− 1
2
it+iη(τ))
]
= R(σ = 3/2− (3/2)it+ iη(τ))
∏∞
n=2(1 + q
n− 1
2 ) =
[
ZΓ(
3
2
+ 3
2
it+iη(τ))
ZΓ(
5
2
+ 1
2
it+iη(τ))
]
= R(σ = 3/2 + (3/2)it+ iη(τ))
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The integral (2.28) has a first order pole at s = p and a second order pole at s = 0. One can
shift the vertical contour of intgration from 2πIm τ = 1 + p to 2πIm τ = −C0 and make use
of the theorem of residues:
∞∑
n=1
log(1− qn+ε)−dn = A(p)Γ(p)ζR(1 + p)(2πiτ)
−p + ((d/ds)− 1)D(0; ξ)
+
∫ −C0+i∞
−C0−i∞
(2πi)−s−1τ−sζR(s+ 1)Γ(s)D(s; ξ)ds . (2.29)
The absolute value of the integral in (2.29) can be estimated to behave as O((2πIm τ)C0),
and therefore the expansion
∞∑
n=1
log(1− qn+ξ−1)−dn = exp{A(p)Γ(p)ζR(1 + p)(2πIm τ)
−p
− D(0; ξ) + (d/ds)D(0; ξ) +O((2πIm τ)C0)} , (2.30)
∞∑
n=1
log(1− qn+ξ−1)−dn = O(exp{A(p)Γ(p)ζR(1 + p)(2πIm τ)
−p − C(2πIm τ)−r}) ,(2.31)
exists uniformly in Re τ as Im τ → 0, provided |arg(−2πiτ)| ≤ π/4 and |Re τ | ≤ 1/2.
Moreover, the number r is a positive, C being a fixed real number, (2πIm τ)ν ≤ |Re τ | ≤ 1/2,
and ν = 1 + p/2− pδ/4, 0 < δ < 2/3. By means of the expansion of B(N) one arrives at a
complete asymptotic limit (the Meinardus result, [19, 20, 21])
B(N)N→∞ = C (p)N
2D(0;ε)−p−2
2(1+p) exp
{
1 + p
p
[A(p)Γ(1 + p)ζR(1 + p)]
1
1+pN
p
1+p
}
× [1 +O(N−κ)] , (2.32)
C (p) = [A(p)Γ(1 + p)ζR(1 + p)]
1−2D(0;ε)
2p+2 ·
exp [(d/ds)D(0; ε)]
[2π(1 + p)]1/2
, (2.33)
where κ = p/(1 + p) ·min(C0/p− δ/4, 1/2− δ).
2.2 Quantum gravity in AdS3
In this section we study generating functions for three-dimensional gravity. It has been shown
that the contribution to the partition function of gravity in a space-time asymptotic to AdS3
comes from smooth geometries X = AdS3/Γ, where Γ is a discrete subgroup of SO(3, 1).
To be more precise, it comes from geometries Xc,d (see for detail [22]), where c and d are
a pair of relatively prime integers, c ≥ 0, and a pair (c, d) identified with (−c,−d). The
manifolds Xc,d are all diffeomorphic to each other, and therefore the contribution Wc,d(τ)
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to the partition function can be expressed in terms of any one of them, say W0,1(τ), by a
modular transformation. One has the following formula:
Wc,d(τ, τ) = W0,1((aτ + b)/(cτ + d), τ) , W0,1(τ, τ) := |qq¯|
−k
∞∏
n=2
|1− qn|−2 . (2.34)
In Eq. (2.34) 24k = cL = cR = c, and c is the central charge of a conformal field theory,
q = exp(2πiτ) = exp[2π(−Imτ + iReτ)] such that |qq|−k = exp(4πkImτ) corresponds to the
classical prefactor.
Comment 2.1 Recall that H3/Γ is also the geometry of a Euclidean three-dimensional black
hole. To make correspondence between models one must set k = (8πG)−1:
− logW0,1(classical)(τ, τ) = klog|qq| = 2πr+(4G)
−1 , (2.35)
where r+ > 0 is the outer horizon of a black hole. This result is the classical part of the
contribution; Eq. (2.34) is one-loop exact as has been claimed in [22]. Note that the one-loop
contribution (2.34) is qualitatively similar to the quantum correction to a three-dimensional
black hole [23, 24]. On a general ground one would expect that the generating function (2.34)
be connected to the relevant one-loop determinant. Indeed, one-loop determinants can be
resummed with the help of the Poisson summation procedure and may give a possibility to
realize this connection. (Analogous procedure of Poisson summation for regularized Poincare´
series associated with W (τ) has been analysed in [22], Sect. 3.2.)
2.3 Three-dimensional black holes
It is known that the one-loop corrections to the three-dimensional gravity on H3/Γ are qual-
itatively similar to the black hole quantum corrections. In the physics literature usually one
assumes that the fundamental domain for the action of a discrete group Γ has finite volume.
On the other hand a three-dimensional black hole has a Euclidean quotient representation
H3/Γ for an appropriate Γ, where the fundamental domain has infinite hyperbolic volume
(for the non-spining black hole one can choose Γ to be the Abelian group generated by a single
hyperbolic element [10]). For discrete groups of isometries of the three-dimensional hyper-
bolic space with infinite volume fundamental domain (i.e. for Kleinian groups), Selberg-type
functions and trace formulas, excluding fundamental domains with cusps, have been consid-
ered in [25], where the results depend also on previous works [26], [27]. Note that matters
are difficult in the case of an infinite-volume setting due to the infinite multiplicity of the
continuous spectrum and to the absence of a canonical renormalization of the scattering
operator which makes it trace-class. However, for a three-dimensional black hole one can
by-pass most of the general theory and proceed more directly to define a Selberg function
attached to H3/Γ and establish a trace formula which is a version of the Poisson formula for
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a resonance (see for detail [10]). In fact, there is a special relation between the spectrum and
the truncated heat kernel of the Euclidean black hole with the Petterson-Selberg spectral
function [12]. Thus the quantum partition function of gravity can be given by means of the
Petterson-Selberg spectral function (2.3). One can summarize the preceding discussion by
means of the formula
logW 1−loopgravity (τ, τ) = [
∞∏
n=2
(1− qn) ·
∞∏
n=2
(1− qn)]−1
= −log [R(s = 2− 2it) ·R(s = 2 + 2it)] . (2.36)
Note that if we apply the modular transformation τ = (β + iα)/2π → −1/τ , i.e. Re τ →
−(Re τ) · |τ |−2, Im τ → (Im τ) · |τ |−2, t → −t , the result (2.36) preserves the form. Com-
putation of the one-loop partition function of three dimensional gravity gives the one loop
correction to a black hole. Therefore, W 1−loopgravity (τ, τ ) = W
1−loop
(spinning black hole)(α, β) .
We would like to clarify the physical significance of the coefficients B(N) (2.32). Making
use of comparison with Eq. (2.36), for the one-loop contribution to the partition function
of the three-dimensional gravity (and black holes) we find: dn = 1, ε = 1, and therefore
D(s; 1) = ζR(s; 1) ≡ ζR(s). Thus the sub-leading quantum correction to the microcanonical
entropy (see for example [22]) becomes:
S(N) = logB(N) = C1(p)N
p
p+1 + C2(p)logN + C (p) +O(N
−κ) , (2.37)
C1(p) ≡
1 + p
p
[A(p)Γ(1 + p)ζR(1 + p)]
1
1+p , C2(p) ≡
2D(0; ε)− p− 2
2(1 + p)
. (2.38)
In Eq. (2.37) the second term is the logarithmic correction. Typically this term appears
when the entropy is computed in the microcanonical ensemble (as opposite to the canonical
one) [22]. The explicit value of the prefactor C (p) in the expansion (2.32) gives the constant
term in the final Eq. (2.37)
2.4 Holomorphic factorization for supergravity quantum correc-
tions
In this section we show that quantum corrections for three-dimensional gravity and the
Neveu-Schwarz and Ramond sector of N = 1 supergravity can be reproduced in terms of
Selberg-type spectral functions in a holomorphically factorized theory. Before plunging into
the subject it is opportune to prepare the ground in order to be able to appreciate the role
of the Virasoro algebra in this paper. The Virasoro algebra is a Lie algebra, denoted Vir,
over C with basis Ln (n ∈ Z), c. The Lie algebra Vir is a (universal) central extension of
the Lie algebra of holomorphic vector fields on the punctured complex plane having finite
Laurent series. For this reason the Vir-algebra plays a key role in conformal field theory.
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The remarkable link between the theory of highest-weight modules over the Vir-algebra,
conformal field theory and statistical mechanics was discovered in [28, 29]. Here we recall
a few elements of representation theory of the Vir-algebra which in fact are very similar to
that of Kac-Moody algebras.
Let M(c, h) (c, h ∈ C) be the Verma module over Vir (see for example [13]). The confor-
mal central charge c acts on M(c, h) as cI. Since [L0, L−n] = nL−n, L0 is diagonalizable on
M(c, h) with spectrum h+ Z+ and with eigenspace decomposition
M(c, h) =
⊕
j∈Z+
M(c, h)h+j , (2.39)
where M(c, h)h+j is spanned by elements of the basis of M(c, h). It follows that Wj =
dimM(c, h)h+j , where Wj, as a function of j, is the classical partition function [13]. It
means that the Kostant partition function for Vir-algebra is the classical partition function.
On the other hand the partition functions can be rewritten in the form
TrM(c,h) q
L0 :=
∑
λ
qλdimM(c, h)λ = q
h
∞∏
j=1
(1− qj)−1 . (2.40)
The series TrV q
L0 is called the formal character of the Vir-module V (V ∈ C, where C is the
category; the morphisms in C are homomortphism of Vir-modules).
For three-dimensional gravity in a real hyperbolic space the one-loop generating function,
as a product of holomorphic and antiholomorphic functions has the form (2.36). The full
gravity partition function (2.34) admits the factorization W0,1(τ, τ) = W (τ)hol ·W (τ)antihol,
where
W (τ)hol = q
−k
∞∏
n=1
(1− qn+1)−1 , W (τ)antihol = q
−k
∞∏
n=1
(1− qn+1)−1 . (2.41)
Note that the holomorphic contribution in (2.41) corresponds to the formal character of the
Vir-module (2.40).
The modulus of a Riemann surface Σ of genus one (the conformal boundary of AdS3) is
defined up to γ · τ = (aτ + b)/(cτ + d) with γ ∈ SL(2,Z). The generating function as the
sum of known contributions of states of left- and right-moving modes in the conformal field
theory takes the form [22]∑
c,d
Wc,d(τ, τ ) =
∑
c,d
W0,1((aτ + b)/(cτ + d), τ) . (2.42)
We would like to comment about the sum over geometries. The generating function, including
the contribution from the Brown-Henneaux excitations, have the form (useful generating
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functions are listed in Table 2.1)
∑
c,d
Wc,d(γ · τ, τ ) =
∑
c,d
∣∣∣∣∣q−k
∞∏
n=2
(1− qn)−1
∣∣∣∣∣
2
γ
=
∑
c,d
{
|qq|−k · [R(s = 2− 2it)]−1hol · [R(s = 2 + 2it)]
−1
antihol
}
γ
. (2.43)
Here |...|γ denotes the transform of an expression |...| by γ. The summand in (2.43) is
independent of the choice of a and b in γ. Note that the sum over c and d in (2.43) should be
thought of as a sum over the coset PSL(2,Z)/Z ≡ (SL(2,Z)/{±1})/Z. Since ad − bc = 1,
we get (aτ + b)/(cτ + d) = a/c − 1/c(cτ + d), one may show that
Im (γ · τ) =
Im τ
|cτ + d|2
, Re (γ · τ) =
a
c
−
cRe τ + d
c|cτ + d|2
. (2.44)
The Neveu-Schwarz and Ramond sectors of the N =1 supergravity. We shall
consider only the basic case of N =1 supergravity (see [22] for explanation). The sym-
metry group SL(2,R) × SL(2,R) of AdS3 is replaced by OSp(1|2) × OSp(1|2), where
OSp(1|2) is a supergroup whose bosonic part is Sp(2,R) = SL(2,R). The boundary
CFT has (1, 1) supersymmetry (N = 1 supersymmetry for both left- and right-movers).
There are a few closely related choices of possible partition function, Tr exp(−βH − iθJ)
or Tr (−1)F exp(−βH − iθJ) . The conserved angular momentum J = L0 − L¯0 generates a
rotation at infinity of the asymptotic AdS3 space-time. The operator (−1)
F is equivalent
to (−1)2J ; states of integer or half-integer J are bosonic or fermionic, respectively. This
property is inherited from the perturbative spectrum of Brown-Henneaux excitations. The
trace could be computed in either the Neveu-Schwarz (NS) or the Ramond (R) sector. One
can compute these partition functions by summing over three-manifolds X that are locally
AdS3 and whose conformal boundary is a Riemann surface Σ of genus one. The four possible
partition functions associated with NS or R sectors (with or without an insertion of (−1)F )
correspond to the four spin structures on Σ. An element g of G = SL(2,R) acts on a spin
structure by g ·
[
µ
ν
]
→
[
a b
c d
]
·
[
µ
ν
]
, µ, ν ∈ (1/2)Z/Z , where the four spin structures
on the two-torus Σ are represented by the column vector, and µ, ν take the values (1/2) for
antiperiodic (NS) boundary conditions and 0 for periodic (R) ones. Taking into account the
choice of the spin structure on Σ, one can sum over choices of X such that the given spin
structure on Σ does extend over X . The NS spin structure on Σ is compatible with X0,1,
and therefore X0,1 contributes to traces in the NS sector, not the R sector. The partition
function of left- and right-moving excitations is F (q, q) = TrNS exp(−βH − iθJ). Let us also
analyze partition functions with other spin structures. If we let µ = 0, ν = 1/2, then we
get G(q, q) = Tr NS (−1)
F exp(−βH − iθJ). Thus the contribution to F (q, q) and G(q, q)
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associated with X0,1 for all spin structures becomes [22]:
F0,1(τ, τ ) = F
(ground)
0,1 · F̂0,1(τ, τ ) ≡
∣∣q−k∗/2∣∣2 · ∣∣∣∣∣
∞∏
n=2
1 + qn−1/2
1− qn
∣∣∣∣∣
2
, (2.45)
G0,1(τ, τ ) = G
(ground)
0,1 · Ĝ0,1(τ, τ ) ≡
∣∣q−k∗/2∣∣2 · ∣∣∣∣∣
∞∏
n=2
1− qn−1/2
1− qn
∣∣∣∣∣
2
. (2.46)
Here the contributions F
(ground)
0,1 = G
(ground)
0,1 ≡
∣∣q−k∗/2∣∣2 are related to the ground state energy;
the contribution G0,1 of X0,1 is obtained by reversing the sign of all fermionic contributions
in (2.45). The complete functions F (τ), G(τ) can be computed by summing F0,1, G0,1 over
modular images with (c + d) odd. It corresponds to the spin structure with µ = ν = 1/2
and µ = 0 and ν = 1/2, respectively:
F̂
[
1
2
1
2
]
(τ, τ ) =
∑
c,d|(c+d) odd
F̂0,1((aτ + b)/(cτ + d), τ) , (2.47)
Ĝ
[
0
1
2
]
(τ, τ ) =
∑
c,d|d odd
Ĝ0,1((aτ + b)/(cτ + d), τ) . (2.48)
Note that the summand in (2.47) and (2.48) does not depend on the choice a, b. A modular
transformation τ → τ + 1 exchanges the pair (µ, ν) = (0, 1/2) with (µ, ν) = (1/2, 1/2); in
particular, F (τ) = G(τ + 1) = F (τ + 2) . One can compute the Ramond partition function
K = TrR exp(−βH − iθJ) for µ = 1/2, ν = 0, so K(τ) = G(−1/τ). This completes the list
of three of the four partition functions. In a supersymmetric theory with discrete spectrum,
the fourth partition function Q = Tr R(−1)
F exp(−βH − iθJ) is an integer, independent of
β and θ (it can be interpreted as the index of a supersymmetry generator). This function
has to be computed using the odd spin structure, the one with µ = ν = 0. Typically in
three-dimensional gravity the partition function Q vanishes, since the odd spin structure
does not extend over any three-manifold with boundary Σ.
We shall now analyze the partiton function in more detail. Our goal here will be to
repeat the analysis of the previous section by using the spectral functions representation
for holomorphycally {R(s),R(σ)} and antiholomorphycally {R(s),R(σ)} factorized theory.
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We get
F̂0,1(τ, τ) =
[∏∞
n=2(1 + q
n−1/2)∏∞
n=2(1− q
n)
]
·
[∏∞
n=2(1 + q
n−1/2)∏∞
n=2(1− q
n)
]
=
[
R(σ = 3/2− (3/2)it+ iη(τ))
R(s = 2− 2it)
]
·
[
R(σ = 3/2 + (3/2)it+ iη(τ))
R(s = 2 + 2it)
]
, (2.49)
Ĝ0,1(τ, τ) =
[∏∞
n=2(1− q
n−1/2)∏∞
n=2(1− q
n)
]
·
[∏∞
n=2(1− q
n−1/2)∏∞
n=2(1− q
n)
]
=
[
R(s = 3/2− (3/2)it)
R(s = 2− 2it)
]
·
[
R(s = 3/2 + (3/2)it)
R(s = 2 + 2it)
]
. (2.50)
The complete functions F (τ), G(τ) becomes
F
[
1
2
1
2
]
(τ, τ ) =
∑
c,d|(c+d) odd
F
(ground)
0,1 (γ · τ, τ ) F̂0,1(γ · τ, τ)
=
∑
c,d|(c+d) odd
F
(ground)
0,1 (γ · τ, τ )
{[
R(σ = 3/2− (3/2)it+ (1 + 2d/c)iη(τ))
R(s = 2− 2it + iη(τ))
]}
γ
×
{[
R(σ = 3/2 + (3/2)it+ (1 + 2d/c)iη(τ))
R(s = 2 + 2it+ iη(τ))
]}
γ
, (2.51)
G
[
0
1
2
]
(τ, τ ) =
∑
c,d|(c+d) odd
G
(ground)
0,1 (γ · τ, τ) Ĝ0,1(γ · τ, τ)
=
∑
c,d|(c+d) odd
G
(ground)
0,1 (γ · τ, τ)
{[
R(s = 3/2− (3/2)it+ (1 + 2d/c)iη(τ))
R(s = 2− 2it + (2d/c)iη(τ))
]}
γ
×
{[
R(s = 3/2 + (3/2)it+ (1 + 2d/c)iη(τ))
R(s = 2 + 2it + (2d/c)iη(τ))
]}
γ
. (2.52)
Remark 2.2 In the case the final sums (2.43), (2.51), (2.52) are divergent (these kind of di-
vergences have also been encountered in similar sums in [30, 31, 32]) the one-loop corrections
has to be regularized. This procedure can be developed by the Poisson summation technique
in a way similar to the calculations of Poincare´ series in [22], Sect. 3.2 (see also [33]). It is
a natural regularization, a type of the zeta function regularization. We hope we will return
to this interesting problem in a forthcoming paper. In this and next sections we leave this
question open.
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3 Homological aspects of combinatorial identities
Before considering other examples of partition functions we would like now to spend some
time on what we believe is the mathematical origin of the combinatorial identities that are at
the basis of the relation between partition function and formal power series and homologies
of Lie algebras. The following is meant to be a brief introduction to homological aspects
of differential complexes, in particular we would like to show how combinatorial identities
could be derived from initial complex of (graded) Lie algebras. In recalling the main results
we shall follow the book [3]. Our interest is the Euler-Poincare´ formula associated with a
complex consisting of finite-dimensional linear spaces. The relationship between Lie algebras
and combinatorial identities was first discovered by Macdonald [34, 35]; the Euler-Poincare´
formula is useful for combinatorial identities known asMacdonald identities. The Macdonald
identities are related to Lie algebras in one way or another and can be associated with
generating functions (in particular, elliptic genera) in quantum theory.
Let g be an infinite-dimensional Lie algebra, and assume that this Lie algebra possesses a
grading, i.e. g is a direct sum of its homogeneous component g(λ), where λ are elements of an
abelian group; [g(λ), g(µ)] ⊂ g(λ+µ) (recall for example the Virasoro algebra). Let us consider
a module A over g, or g-module. A is a vector with the property that that there exists a
bilinear map µ : g × A → A such that [g1, g2] = g1(g2a) − g2(g1a) for all a ∈ A, g1, g2 ∈ g
occurs. In other words our g-module is a left module over the universal enveloping algebra
U(g) of g. 5 Let Cn(g;A) be the space of all cochains, an n-dimensional cochain of the
algebra g with coefficients in A being a skew-symmetric n-linear functional on g with values
in A. Since Cn(g;A) = Hom(Λn, A), the cochain space Cn(g;A) becomes a g-module. The
differential d = dn : C
n(g;A)→ Cn+1(g;A) can be defined as follows
dc(g1, . . . , gn+1) =
∑
1≤s≤t≤n+1
(−1)s+t−1c([gs, gt], g1, . . . , ĝs, . . . ĝt, . . . , gn+1)
+
∑
1≤s≤n+1
(−1)sgsc(g1, . . . , ĝs, ..., gn+1), (3.1)
where c ∈ Cn(g;A), g1, . . . , gn+1 ∈ g, and C
n(g;A) = 0, dn = 0 for n < 0. Since dn+1◦dn = 0
for all n, the set C•(g;A) ≡ {Cn(g;A), dn} is an algebraic complex, while the corresponding
cohomology Hn(g;A) is referred to as the cohomology of the algebra g with coefficients in
A. Let Cn(g;A) be the space of n-dimensional chains of the Lie algebra g. It can be defined
5 U(g) is the quotient algebra of the tensor algebra T ng =
⊕∞
n=0(
n−times︷ ︸︸ ︷
g⊗ ...⊗ g) by the ideal generated by
elements of the form [g1, g2]− (g1 ⊗ g2 − g2 ⊗ g1).
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as A⊗ Λng. The differential δ = δn : Cn(g;A)→ Cn−1(g;A) is defined by the formula
δ(a⊗ (g1 ∧ . . . ∧ gn)) =
∑
1≤s≤t≤n
(−1)s+t−1a⊗ ([gs, gt] ∧ g1 ∧ . . . ĝs . . . ĝt . . . ∧ gn)
+
∑
1≤s≤n
(−1)sgsa⊗ (g1 ∧ . . . ĝs . . . ∧ gn). (3.2)
The homology Hn(g;A) of the complex {Cn(g;A), δn} is referred to as the homology of the
algebra g. Suppose now that the g-module A can be graded by homogeneous components
A(µ) in such way that g(λ)A(µ) ⊂ A(λ+µ). In the case when the module A is trivial we assume
that A = A(0). The grading of our Lie algebra endows with a grading both the chain and
cochain spaces, for we can define
Cn(λ)(g;A) = {c ∈ C
n(g;A)|c(g1, . . . , gn) ∈ A(λ1+...+λn−λ) for gi ∈ g(λi)};
C(λ)n (g;A) is generated by the chains a⊗ (g1 ∧ . . . ∧ gn), a ∈ A(µ),
gi ∈ g(λi), λ1 + . . .+ λn + µ = λ . (3.3)
We get d(Cn(λ)(g;A)) ⊂ C
n+1
(λ) (g;A) and δ(C
(λ)
n (g;A)) ⊂ C
(λ)
n−1(g;A) and both spaces acquire
gradings6. The chain complex C•(g), g = ⊕
∞
λ=1g(λ), dim g(λ) < ∞, can be decomposed as
follows:
0←− C
(λ)
0 (g)←− C
(λ)
1 (g) . . .←− C
(λ)
N (g)←− 0 . (3.4)
The Euler-Poincare´ formula gives:∑
m
(−1)mdimC(λ)m (g) =
∑
m
(−1)mdimH(λ)m (g) . (3.5)
As a consequence, we can introduce the q variable and rewrite identity (3.5) as a formal
power series 7:∑
m,λ
(−1)mqλdimC(λ)m (g) =
∑
m,λ
(−1)mqλdimH(λ)m (g) =
∏
n
(1− qn)dim gn . (3.6)
In order to get the identity in its final form the homology H
(λ)
m (g) has to be computed.
Let g be the (poly)graded Lie algebra, g =
⊕
λ1≥0,...,λk≥0
λ1+...+λk>0
g(λ1,...,λk), satisfying the condition
dim g(λ1,...,λk) <∞. For formal power series in q1, ..., qk we have the following identity [3]:∑
m,λ1,...,λk
(−1)mqλ11 ...q
λk
k H
(λ1,...,λk)
m =
∏
n1,...,nk
(1− qn11 · · · q
nk
k )
dim gn1,...,nk . (3.7)
6 The cohomological (and homological) multiplicative structures are compatible with these gradings, for
example, Hm(λ)(g)⊗H
n
(µ)(g) ⊂ H
m+n
(λ+µ)(g).
7 If A is main field the notation Cn(g;A), Hn(g;A) is abbreviated to Cn(g), Hn(g). For a finite-
dimensional algebra g we obviously have Cn(g) = [Cn(g)]
∗ and Hn(g) = [Hn(g)]
∗, where a simbol ∗ denotes
the dual space. It is clear that in the case of cohomologies we have a power series similar to (3.6). For the
finite-dimensional case, as well as the infinite-dimensional case, an element of the spaceHn(g;A) defines a lin-
ear map Hn(g)→ A; if the algebra g and the module A are finite dimensional, then H
n(g;A∗) = [Hn(g;A)]
∗.
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The reader can find in [3] some computations of the homology H
(λ)
m in its final form . There
are algebras which can be constructed from exterior authomorphisms of simple algebras
possessing a finite center. In this case one must find the dimensions of the space H
(λ1,...,λn)
• (g).
This is not too difficult to do, but the answer turns out to be rather cumbersome.
We also consider free associative Lie algebras. The importance of these algebras follows
from concepts of deformation theory. Let k denote a commutative and associative ring with
a unit (all modules and algebras are taken over k). Define a magma M as a set with a map
M×M→M (denoted by (x, y) 7→ xy). For a set X we also define a family of sets Xn, n ≥ 1
as follows: X1 = X, Xn =
∐
ℓ+m=n(Xℓ ×Xm) (disjoint union), n ≥ 2. Put MX =
∐∞
n=1Xn
and let us define MX ×MX →M by means of
Xℓ ×Xm
inclusion
−→ Xℓ+m ⊂MX (the magma MX is called the free magma on X) .
(3.8)
Let AX be the k-algebra of the free magma MX . An element α ∈ A is a finite sum α =∑
n∈MX
nCn, Cn ∈ k, and the multiplication in AX extends the multiplication in MX . The
k-algebra AX of the free magma MX is called the free algebra on X . Let IX be the two-side
ideal of AX , the quotient algebra gX ≡ AX/IX is called the free Lie algebra on X . IX is
a graded ideal of AX , which means that gX has a natural structure of graded algebra. Let
V = k(X) be the free k-module with basis X . The free associative algebra on X , denoted
by AX , is the tensor algebra T
n
V of V 8. Assume µ : gX → AX to be the map induced
by the map X → AX , then the map µ is an isomorphism of gX onto the Lie subalgebra of
AX generated by X . gX and its homogeneous components g
n
X are free k-module. If X is
finite and gnX is free of finite rank ℓ(cardX)(n)
9 then
∑
n|m nℓ(cardX)(n) = (cardX)
m. Let us
assume that k is a field, and choose a homogeneous basis {gj}j∈IX of gX . For any positive
integer n we have that in the product
∏
j∈IX
(1 − qdeg gj )−1 the number of factors such that
deg gj = n is the rank ℓ(cardX)(n) of g
n
X [36], and then∏
j∈IX
(1− qdeg gj )−1 =
∞∏
n=1
(1− qn)−ℓ(cardX)(n) . (3.9)
Since AX is the free associative Lie algebra on X the family of monomials xj1 . . . xjn , xjk ∈ X
is a basis of A nX , and therefore rank(A
n
X) = (cardX)
n.
Remark 3.1 In general one can obtain certain formulae for Poincare´ polynomials in the
8 Recall that for any Lie algebra g over commutative ring k and the tensor algebra T ng, one has
Hommod(gA) = HomAX (T
ngA).
9 Let ω ∈ MX , then ω is called a non-associative word on X ; its length, ℓ(ω), is the unique n such that
ω ∈ Xn.
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following form ∏
n
(1− qn)dim gn ,
∏
n
(1− qn)rank gn . (3.10)
These formulae are associated with dimensions of homologies of appropriate topological spaces
and linked to generating functions and, possibly, to elliptic genera. In the next section we will
show that generating functions of the form (3.10) admit representations in term of spectral
Selberg-type functions related to the congruence subgroup of SL(2,Z).
4 Elliptic genera of generalized symmetric products of
N-folds
In this section we show on examples that particular cases of (3.10) can be written in terms of
Selberg-type (Ruelle) spectral functions associated with q-series. We concentrate specifically
on nonlinear sigma models. But before going to the main topic of this section we would like
to premise a short intruction about Heisenberg algebras and Hilbert schemes.
4.1 Hilbert schemes and Heisenberg algebras
Preliminary to the subject of symmetric products and their connection with spectral func-
tions, we explain briefly the relation between the Heisenberg algebra and its representations,
and the Hilbert scheme of points, mostly following the lines of [37]. To be more specific:
• The infinite dimensional Heisenberg algebra (or, simply, the Heisenberg algebra) plays
a fundamental role in the representation theory of the affine Lie algebras. An impor-
tant representation of the Heisenberg algebra is the Fock space representation on the
polynomial ring of infinitely many variables. The degrees of polynomials (with differ-
ent degree variables) give a direct sum decomposition of the representation, which is
called weight space decomposition.
• The Hilbert scheme of points on a complex surface appears in the algebraic geometry.
The Hilbert scheme of points decomposes into infinitely many connected components
according to the number of points. Betti numbers of the Hilbert scheme have been
computed in [38]. The sum of the Betti numbers of the Hilbert scheme of N -points is
equal to the dimension of the subspaces of the Fock space representation of degree N .
Remark 4.1 If we consider the generating function of the Poincare´ polynomials associated
with set of points we get the character of the Fock space representation of the Heisenberg
algebra. The character of the Fock space representation of the Heisenberg algebra (in general
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the integrable highest weight representations of affine Lie algebras) are known to have modular
invariance as has been proved in [39]. This occurrence is naturally explained through the
relation to partition functions of conformal field theory on a torus. In this connection the
affine Lie algebra has close relation to conformal field theory.
Algebraic preliminaries. Let R = Q[p1, p2, ...] be the polynomial ring of infinite many
variables {pj}
∞
j=1. Define P [j] as j∂/∂pj and P [−j] as a multiplication of pj for each positive
j. Then the commutation relation holds: [P [i], P [j] ] = iδi+j,0 IdR, i, j ∈ Z/{0}. We define
the infinite dimensional Heisenberg algebra as a Lie algebra generated by P [j] and K with
defining relation
[P [i], P [j] ] = iδi+j,0KR, [P [i], K ] = 0, i, j ∈ Z/{0}. (4.1)
The above R labels the representation. If 1 ∈ R is the constant polynomial, then P [i]1 =
0, i ∈ Z+ and
R = Span{P [−j1] · · ·P [−jk] 1 | k ∈ Z+ ∪ {0}, j1, . . . , jk ∈ Z+} . (4.2)
1 is a highest weight vector. This is known in physics as the bosonic Fock space. The
operators P [j] (j < 0) (P [j] (j > 0)) are the creation (annihilation) operators, while 1 is the
vacuum vector.
Define the degree operator D : R → R by D(pm11 p
m2
2 · ·· )
def
= (
∑
i imi)p
m1
1 p
m2
2 . . . The
representation R has D eigenspace decomposition; the eigenspace with eigenvalue N has a
basis pm11 p
m2
2 · · · (
∑
i imi) = N. Recall that partitions of N are defined by a nonincreasing
sequence of nonnegative integers ν1 ≥ ν2 ≥ . . . such that
∑
ℓ νℓ = N . One can represent
ν as (1m1 , 2m2 , · · ·) (where 1 appears m1-times, 2 appears m2-times, . . . in the sequence).
Therefore, elements of the basis corresponds bijectively to a partition ν. The generating
function of eigenspace dimensions, or the character in the terminology of the representation
theory, is well–known to have the form
TrR q
D def=
∑
N∈Z+∪{0}
qNdim {r ∈ R | Dr = Nr } =
∞∏
n=1
(1− qn)−1 . (4.3)
Let us define now the Heisenberg algebra associated with a finite dimensional Q-vector
space V with non-degenerate symmetric bilinear form ( , ). Let W = (V ⊗ tQ[t]) ⊕ (V ⊗
t−1Q[t−1]), then define a skew-symmetric bilinear form onW by (r⊗ti, s⊗tj) = iδi+j,0(r, s).
The Heisenberg algebra associated with V can be defined as follows: we take the quotient
of the free algebra L(W ) divided by the ideal I generated by [r, s] − (r, s)1 (r, s ∈ W ). It
is clear that when V = Q we have the above Heisenberg algebra. For an orthogonal basis
{rj}
p
j=1 the Heisenberg algebra associated with V is isomorphic to the tensor product of
p-copies of the above Heisenberg algebra.
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Let us consider next the super-version of the Heisenberg algebra, the super-Heisenberg
algebra. The initial data are a vector space V with a decomposition V = Veven ⊕ Vodd and a
non-degenerate bilinear form satisfying (r, s) = (−1)|r||s|(r, s). In this formula r, s are either
elements of Veven or Vodd, while |r| = 0 if r ∈ Veven and |r| = 1 if r ∈ Vodd. As above we
can define W , the bilinear form on W , and L(W )/I, where now we replace the Lie bracket
[ , ] by the super-Lie bracket. In addition, to construct the free-super Lie algebra in the
tensor algebra we set (r ⊗ ti, s ⊗ tj) = (r ⊗ ti)(s ⊗ tj) + (s ⊗ tj)(r ⊗ ti) for r, s ∈ Vodd.
By generalizing the representation on the space of polynomials of infinite many variables
one can get a representation of the super-Heisenbwerg algebra on the symmetric algebra
R = S∗(V ⊗ tQ[t]) of the positive degree part V ⊗ tQ [t]. As above we can define the degree
operator D . The following character formula holds:
TrR q
D =
∞∏
n=1
(1 + qn)dimVodd
(1− qn)dimVeven
=
R(σ = 1− it + iη(τ))dimVodd
R(s = 1− it)dimVeven
. (4.4)
Counting the odd degree part by −1 we can replace the usual trace by the super-trace
(denoted by STr) and get the result 10
STrR q
D =
∞∏
n=1
(1− qn)dimVodd−dimVeven = R(s = 1− it)dimVodd−dimVeven . (4.5)
Geometric interpretation. Suppose that X is a nonsingular quasi-projective surface
defined over the complex number field C. Let us consider the configuration space of N
distinct unordered points x1, . . . , xN . Suppose that with these points we can parametrize
geometric objects where some points are allowed to collide. Naively we can consider just
the structure as subsets. As a result we get the Nth symmetric product SNX (see for
notation Sect. 4.2) where the symmetric group SN acts on X
N as a permutation of entries.
On the other hand for the Hilbert scheme we do not consider collections of points merely
as subsets, but we also consider functions on those. Thus let X [N ] be the Hilbert scheme
parametrizing 0-dimensional subschemes of X with length N . We recall that X [N ] is the set
of ideal sheaves J ⊂ OX of the structure sheaf OX , whose Hilbert polynomials are constant
functions N . Define a holomorphic map π : X [N ] → SNX . The so-called Hilbert-Chow
morphism, from the Hilbert scheme to the symmetric products, is defined as follows. For
10 In the case when V has one-dimensional odd degree part only (the bilinear form is (r, r) = 1 for a nonzero
vector r ∈ V ) the above condition is not satisfied. We can modify the definition of the corresponding super-
Heisenberg algebra by changing the bilinear form on W as (r ⊗ ti, r ⊗ tj) = δi+j,0. The resulting algebra
is called infinite dimensional Clifford algebra. The above representation R can be modified as follows and
it is the fermionic Fock space in physics. The representation of the even degree part was realized as the
space of polynomials of infinity many variables; the Clifford algebra is realized on the exterior algebra
R = ∧∗(
⊕
j Qdpj) of a vector space with a basis of infinity many vectors. For j > 0 we define r ⊗ t
−j as an
exterior product of dpj , r ⊗ t
j as an interior product of ∂/∂pj.
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a given ideal J ∈ X [N ], consider the quotient sheaf OX/J, which has support in a finite set
of points. Suppose that the length (OX/J)x is the lenght of OX/J at the point x in the
support. The Hilbert-Chow morphism is:
π(J)
def
=
∑
x∈Supp (OX/J)
length (OX/J)x[x] . (4.6)
In the right hand side of (4.6) a point in the symmetric product is represented in the sum-
mation notation
∑
i[xi].
Example: Let N = 2. If x1, x2 are different points in X , the sheaf of holomorphic functions
on F = {x1, x2} is the quotient of the structure sheaf OX divided by the sheaf of functions
vanishing at x1 and x2. The set of functions vanishing at x1 and x2, when x2 approhes x1,
converges to the set of functions that vanish at x1 together with their derivatives in the
direction in which x2 approaches x1:
{f ∈ OX | f(x1) = 0, dfx1(r) = 0} . (4.7)
Thus X [N ] contains two type of elements: the first type is {x1, x2} and x1 6= x2, and the
second type is a pair of x ∈ X and a one-dimensional subspace Σ of TxX . Moreover Σ is
the subspace spanned by r, and this Σ makes the difference of the symmetric product SNX
and the Hilbert scheme. We have π(F ) = [x1] + [x2] for F = {x1, x2} and π(F ) = 2[x1] for
F of the form (4.7).
One-dimensional higher variety. For a one-dimensional higher variety (i.e. for a surface)
the following results hold:
• For a Riemann surface (dimX = 1) SNX and XN are isomorphic under Hilbert-Chow
morphism.
• If X is a nonsingular quasi-projective surface, the Hilbert-Chow morphism π : X [N ] →
SNX gives a resolution of singularities of the symmetric product SNX [40]. In par-
ticular X [N ] is a nonsingular quasi-projective variety of dimension 2N .
• If X has a symplectic form, X [N ] also has a symplectic form. For N = 2 it has been
prooved in [41], for N general in [42].
• The generating function of the Poincare´ polynomials Pt(X
[N ]) of X [N ] is given by
∞∑
N=0
qN Pt(X
[N ]) =
∞∏
n=1
(1 + t2n−1qn)b1(X)(1 + t2n+1qn)b3(X)
(1− t2n−2qn)b0(X)(1− t2nqn)b2(X)(1− t2n+2qn)b4(X)
=
∏
j=0,2 R(σ = (1 + (j − 1)log t)(1− it) + iη(τ˜))
bj+1(X)∏
j=0,2,4 R(s = (1 + (j − 2)log t)(1− it)(1− it))
bj(X)
. (4.8)
In the last line of Eq. (4.8) we put Im τ˜ = Im τ − (2π)−1log t.
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4.2 The elliptic genus of a supersymmetric sigma model on sym-
metric products
As was shown in [43], the elliptic genus of an N = 2 supersymmetric sigma model on the
N -fold symmetric product SNX equates to the partition function of a second quantized
string theory on the space with S1-action 11. In string compactifications on manifolds of
the form X × S1, one can consider the configuration of a D-string wound N times around
S1, bound to a (dimX + 1)-brane. The quantum mechanical degrees of freedom of this D-
brane configuration are naturally encoded in a two-dimensional sigma model on the N -fold
symmetric tensor product of X , which describes the transversal fluctuations of the D-string.
This construction is originally due to [44, 45, 9].
With this physical motivation let us consider a sigma model on the N -fold symmetric
product SNX of a Ka¨hler manifold X , that is the SNX = [XN/SN ] := X × · · · ×X︸ ︷︷ ︸
N
/SN
orbifold space, SN being the symmetric group of N elements. Objects of the category of the
orbispace [XN/SN ] are the N -tuples (x1, . . . , xN ) of points in X ; arrows are elements of the
form (x1, . . . , xN ; σ) where σ ∈ SN . In addition the arrow (x1, . . . , xN ; σ) has as its source
(x1, . . . , xN), and as its target (xσ(1), . . . , xσ(N)). This category is a groupoid for the inverse
of (x1, . . . , xN ; σ) is (xσ(1), . . . , xσ(N); σ
−1). (Orbispace as a groupoid has been describes in
[46, 47]).
For a Ka¨hler manifold X and the orbifold space SNX the genus one partition function
depends on the boundary conditions imposed on the fermionic fields. For definiteness, follow-
ing [43], we choose the boundary conditions such that the partition function χ(SNX ; q, y)
coincides with the elliptic genus, which is defined as the trace over the Ramond-Ramond
(RR) sector of the sigma model of the evolution operator qH times (−1)F yFL. In addition
F = FL+FR is the sum of the left- and right-moving fermion number. If E is an elliptic curve
with modulus τ and a line bundle labeled by z ∈ Jac(E ) ∼= E , then we define q := e2πiτ ,
y := e2πiz . The elliptic genus is defined as [43]:
χ(X ; q, y) = TrH (X)(−1)
F yFLqL0−d/8qL0−d/8 , (4.9)
where d is the complex dimension of a Ka¨hler manifold X and H (X) is the Hilbert space of
theN = 2 supersymmetric field theory with target spaceX . Note that the space⊕NH
•(X [N ])
forms a representation of the Heisenberg algebra generated by sigma model creation operators
αIn, where I runs over a basis of H
•(X). Formula (4.9) has a natural physical interpretation.
Indeed, it has the form of a trace over an irreducible representation of the Virasoro algebra.
The representation contains a ground state |0〉 of weight k, L0|0〉 = −k|0〉, along with its
Virasoro descendants L−n1 . . . L−ni |0〉.
11 The reader can find a string theory interpretation of a supersymmetric sigma model on SNX in Sect.
1.1 of [43].
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Generating functions. The Hilbert space of an orbifold field theory can be decomposed
into twisted sectors Hγ, which are labelled by the conjugacy classes {γ} of the orbifold group
SN [48, 43]. For a given twisted sector one keeps the states that are invariant under the
centralizer subgroup Γγ of the element γ. Let H
Γγ
γ be an invariant subspace associated with
Γγ. One can compute the conjugacy classes [γ] by using a set of partitions {Nn} ofN , namely∑
n nNn = N , where Nn is the multiplicity of the cyclic permutation (n) of n elements in
the decomposition of γ: [γ] =
∏s
n=1(n)
Nn . For this conjugacy class the centralizer subgroup
of a permutation γ is [43]
Γγ = SN1 ×
s∏
j=2
(SNj ⋊ Z
Nj
j ) , (4.10)
In Eq. (4.10) each subfactor SNk and Zk permutes the Nk cycles (k) and acts within one
cycle (k) correspondingly. The total orbifold Hilbert space H (SNX) takes the form [43]:
H (SNX) =
⊕
[γ]
H
Γγ
γ =
⊕
[γ]
⊗
n∈Z+
SNnH Zn(n) , (4.11)
where each twisted sector H
Γγ
γ has been decomposed into a product over the subfactors (n)
of Nn-fold symmetric tensor products, and S
NH ≡ (
⊗
N H )
SN .
Let χ(•; q, y) be the generating function for every (sub)Hilbert space of a supersymmetric
sigma model. It has been shown that the generating function coincides with the elliptic genus
[49]. For any vector bundle E over a smooth manifold we can define the formal sums
∧q E =
d⊕
k≥0
qk ∧k E, SqE =
∞⊕
k≥0
qkSkE, χy(TX) =
d⊕
k=0
(−y)kχ(∧kTX), (4.12)
where TX is the holomorphic tangent bundle of the Ka¨hler manifold X of complex dimen-
sion d, ∧k (Sk) and denotes the k-th exterior (symmetric) product. The Riemann-Roch-
Hirzebruch theorem
χ(X ; q, y)
def
=
∑
j
(−1)jdimHj(X ;Eq,y) =
∫
X
ch (Eq,y)Td(X) (4.13)
gives an alternative definition of the elliptic genus in terms of characteristic classes. The
bundle Eq,y is
Eq,y = y
−d/2
⊗
n≥1
{∧−yqn−1TX
∞⊗
n≥1
∧−y−1qnTX
′
∞⊗
n≥1
SqnTX
∞⊗
n≥1
SqnTX
′}, (4.14)
and therefore
χ(X ; q, y) = χy(TX) + q
d⊕
k=0
{
(−y)k+1χ(∧kTX ⊗ TX) + q(−y)k−1χ(∧kTX ⊗ TX ′)
+ q(−y)kχ(∧kTX ⊗ (TX ⊗ TX ′))
}
+O(q3/2), (4.15)
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where we have used the Riemann-Roch-Hirzebruch formula. If χ(H Zn(n) ; q, y) admits the
extension χ(H Zn(n) ; q, y) =
∑
m≥0,ℓ κ(nm, ℓ)q
myℓ, the following result holds (see [50, 51, 43]):∑
N≥0
pNχ(SNH Zn(n) ; q, y) =
∏
m≥0,ℓ
(
1− pqmyℓ
)−κ(nm,ℓ)
,
∑
N≥0
pNχ(SNX ; q, y) =
∏
n>0,m≥0,ℓ
(
1− pnqmyℓ
)−κ(nm,ℓ)
, (4.16)
p := e2πiρ and y := e2πiz, ρ and τ determine the complexified Ka¨hler form and complex
structure modulus of T 2, respectively, and z parametrizes the U(1) bundle on T 2.
Remark 4.2 The Narain duality group SO(3, 2,Z) is isomorphic to the Siegel modular group
Sp(4,Z) and it is convenient to combine the parameters ρ, τ and a Wilson line modulus z
into a 2× 2 matrix belonging to the Siegel upper half-plane of genus two, Ξ =
[
ρ z
z τ
]
, with
Im ρ > 0, Im τ > 0, det ImΞ > 0. The group Sp(4,Z) ∼= SO(3, 2,Z) acts on the Ξ matrix
by fractional linear transformations Ξ→ (AΞ+B)(CΞ+D)−1. Note that for a Calabi-Yau
space the χy−genus is a weak Jacobi form of zero weight and index d/2 [52] and it transforms
as χy(TX) = (−1)
r−dyrχy−1(TX). This relation can also be derived from the Serre duality
Hj(X ;∧sTX) ∼= Hd−j(X ;∧r−sTX) . (4.17)
In the case of the elliptic genus of a symmetric product space SNX , if y = 1 then the
elliptic genus degenerates to the Euler number χ(SNX ; q, 1) = e(SNX) (or Witten index)
[53, 54]. For the symmetric product this gives the following identity, where the character is
almost a modular form of weight −χ(X)/2 :∑
N≥0
qNe(SNX) =
∏
n∈Z+
(1− qn)−χ(X) = [R(s = 1− it)]−χ(X) . (4.18)
In the case when X is an algebraic surface, this formula also computes the topological Euler
characteristic of the Hilbert scheme X [N ] of dimension zero subschemes of length n [38]. A
similar formula, associated to the (equivariant) orbifold Euler characteristic of the symmetric
product, can be defined using the SN -equivariant K-theory of X
N by means of the following
expression 12 e(SNX) := rank K0(SNX)− rank K1(SNX) .
12 One can calculate the torsion free part of K•Γ(Y ) (where Γ acts on Y and Γ is a finite group) by localizing
on the prime ideals of R(Γ), the representation ring of Γ (see for detail [55])K•Γ(Y )
∼=
⊕
{γ}K
•(Y γ)Γγ , where
KΓN (X
N ) ≡ KΓN (X
N) ⊗ C. Here {γ} runs over the conjugacy classes of elements in Γ, Y γ are the fixed
point loci of γ and Γγ is the centralizer of γ in Γ. The fixed point set {X
N}γ is isomorphic to XN = X
∑
n
Nn ,
γ ∈ SN , and Γγ ∼=
∏
nSNn ⋉ (Z/n)
Nn . The cylic groups Z/n act trivially in K•(XN) and therefore the
following decomposition for the SN -equivariant K-theory holds [56]
K•(SNX) ∼=
⊕
{γ}
K•((SN )γ))Γγ ∼=
⊕
∑
nNn=N
⊗
n
K•(SNn)SNn . (4.19)
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Digression: Equivariant K-theory, wreath products. We study here a direct sum of
the equivariant K-groups FΓ(X) := ⊕N≥0KΓN (X
N) associated with a topological Γ-space
[8]. Γ is a finite group and the wreath (semi-direct) product ΓN ⋊SN acts naturally on the
Nth Cartesian product XN . As an example of such K-group we shall analyze the group
K−
H˜ΓN
(XN) which has been introduced in [8]. The semi-direct product ΓN can be extended
to the action of a larger finite supergroup H˜ΓN , which is a double cover of the semi-direct
product (Γ × Z2)
N ⋊SN . The category of H˜ΓN -equivariant spin vector superbundles over
XN is the category of ΓN -equivariant vector bundles E over X
N such that E carries a
supermodule structure with respect to the complex Clifford algebra of rank N 13. It has
been shown [8] that the following statements hold:
- The direct sum F−Γ (X) := ⊕
∞
N=0KH˜ΓN (X
N) carries naturally a Hopf algebra structure.
- It is isomorphic to the Fock space of a twisted Heisenberg superalgebra (in this section
super means Z2-graded) associated with K
−
H˜ΓN
(X) ∼= KΓ(X).
- If X is a point, the K-group KH˜ΓN (X
N) becomes the Grothendieck group of spin super-
mudules of H˜ΓN .
Such a twisted Heisenberg algebra has played an important role in the theory of affine Kac-
Moody algebras [57]. The structure of the space F−Γ (X) under consideration can be modeled
on the ring ΩC of symmetric functions with a linear basis given by the so-called Schur Q-
functions (or equivalently on the direct sum of the spin representation ring of H˜ΓN for all
N). The graded dimension of the ring ΩC is given by the denominator
∏
n=0(1 − q
2n−1)−1.
We have mentioned in Sect. 4.1 that on the basis of Go¨ttsche’s formula [38] it has been
conjectured [58] that the direct sum H (S) of homology groups for Hilbert scheme S [N ] of
N points on a (quasi-)projective surface S should carry the structure of the Fock space of
a Heisenberg algebra, which was realized subsequently in a geometric way [59, 60]. Parallel
algebraic structures such as Hopf algebra, vertex operators, and Heisenberg algebra as part of
vertex algebra structures [61, 57] have naturally showed up in H (S) as well as in FΓ(X). If
S is a suitable resolution of singularities of an orbifold X/Γ, there appears close connections
between H (S) and FΓ(X) [8]. In fact the special case of Γ trivial is closely related to
the analysis considered in [62]. It would be interesting to find some applications of results
discussed above in string theory.
The orbifold Euler number e(X,Γ) was introduced in [48] in the study of orbifold string
theory and it has been interpreted as the Euler number of the equivariant K-group KΓ(X)
13 A fundamental example of H˜ΓN -vector superbundles over X
N (X is compact) is the following: given a
Γ-vector bundle V over X , consider the vector superbundle V ⊕V over X with the natural Z2-grading. One
can endow the Nth outer tensor product (V ⊕ V )⊠N with a natural H˜ΓN -equivariant vector superbundle
structure over XN .
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[63]. Define the Euler number of the generalized symmetric product to be the difference
e(XN , H˜ΓN ) := dimK
−,0
H˜Γn
(XN)− dimK−,1
H˜ΓN
(XN) , the series
∑∞
N=0 q
Ne(XN , H˜ΓN) can be
written in terms of spectral functions:
∞∑
N=0
qNe(XN , H˜ΓN) =
∞∏
n=1
(1− q2n−1)−e(X,Γ) =
[
q−
25
24 (q − 1)f3(q)
]e(X,Γ)
= R(s = 1/2− (1/2)it)−e(X,Γ) . (4.20)
One can give an explicit description of F−Γ (X) as a graded algebra. Indeed, the fol-
lowing statement holds [8]: As a (Z+ × Z2)-graded algebra, F
−
Γ (X, q) is isomorphic to the
supersymmetric algebra S
(⊕∞
N=1 q
2N−1KΓ(X)
)
. In particular,
dimq F
−
Γ (X) =
∞∏
n=1
(1 + q2n−1)dimK
1
Γ(X)
(1− q2n−1)dimK
0
Γ(X)
=
[R(σ = 1/2− (1/2)it+ (1/2)iη(τ))]dimK
1
Γ(X)
[R(s = 1/2− (1/2)it)]dimK
0
Γ(X)
, (4.21)
where the supersymmetric algebra is equal to the tensor product of the symmetric algebra
S
(⊕∞
N=1 q
2N−1K0Γ(X)
)
and the exterior algebra Λ
(⊕∞
N=1 q
2N−1K1Γ(X)
)
. In the case when
Xpt is a point we have∑
N≥0
qN dimF−Γ (Xpt) =
∞∏
n=1
(1− q2n−1)−|Γ∗| = [R(s = 1/2− (1/2)it)]−|Γ∗| . (4.22)
In (4.22) Γ is a finite group with r+1 conjugacy classes; Γ∗ := {γj}
r
j=0 is the set of complex
irreducible characters, where γ0 denotes the trivial character. By Γ∗ we denote the set of
conjugacy classes.
4.3 Orbifold cohomology and the loop orbispace
For an orbifold [Y/Γ] (viewed as a topological groupoid [47]) its orbifold cohomology is defined
as the cohomology of the inertia orbifold I[Y/Γ] [56], i.e.
H•orb([Y/Γ]) := H
•(I[Y/Γ]) . (4.23)
A description of the inertia orbifold of [Y/Γ] can be given as follows: I[M/Γ] ∼=
⊔
(γ)[Y
γ/Γγ],
where {γ} runs over the conjugacy classes, Y γ is the fixed point loci and Γγ is the centralizer.
Then,
H•orb([Y/Γ];R)
∼=
⊕
{γ}
H•(Y γ;R)Γγ , K•Γ(Y )
∼= H•orb([Y/Γ];C) . (4.24)
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The last equation in (4.24) is a consequence of the Chern character isomorphism. One can
define the Poincare´ orbifold polynomial
Porb([Y/Γ], y) :=
∑
yjrankHjorb([Y/Γ];R) ≡
∑
yjborbj ([Y/Γ]) , (4.25)
where borbj is the j-th orbifold Betti number. For the symmetric product, viewed as an
orbifold groupoid [SNX ], it follows that
H•orb([S
NX ];R) ∼=
⊕
∑
nNn=N
⊗
n
H•(XNn ;R)SNn . (4.26)
Then calculating the orbifold Poincare´ polynomial yields
∞∑
N=0
qNPorb([S
NX ], y) =
∞∑
N=0
qN
 ∑
∑
nNn=N
∏
n
P (XNn/SNn, y)
 (4.27)
=
∞∑
N=0
 ∑
∑
nNn=N
∏
n
(qn)NnP (XNn/SNn, y)
 (4.28)
=
∏
n∈Z+
(
∞∑
N=0
qnNP (SNX, y)
)
(4.29)
=
∏
j
∏
n∈Z+
(1 + qny2j+1)b2j+1(X)
(1− qny2j)b2j(X)
. (4.30)
Finally when y = ±1, we have the formulae
∞∑
N=0
qNPorb([S
NX ],±1) =
∏
j
∏
n∈Z+
[
(1 + qn)b2j+1(X)
(1− qn)b2j(X)
]±1
=
∏
j
[
R(σ = 1− it+ iη(τ))b2j (X)
R(s = 1− it)b2j+1(X)
]±1
. (4.31)
Note that for these formulae to be valid one only needs that the cohomology of X is finitely
generated at each n [56].
Loop orbifold. The loop orbifold L[Y/Γ] associated with an orbifold [Y/Γ] has been defined
in [64, 65, 66]. For the case of a global quotient it has a simple description: L[Y/Γ] =
[PΓY/Γ]
14,
PΓY =
⊔
γ∈Γ
PγY × {γ} with PγY = {f : [0, 1]→ Y |f(0)γ = f(1)} (4.32)
14 The loop orbifold has another presentation (Morita equivalent) given by L[Y/G] ∼=
⊔
(γ)[PγY/Γγ ],
where Γγ acts on PγY in the natural way.
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and the Γ action is given by
Γ×
⊔
γ∈Γ
PγY × {γ} −→
⊔
γ∈Γ
PγY × {γ},
(h, (f, γ)) 7−→ (f · h, h−1γh) (f · h(t) := f(t)h). (4.33)
A lemma, which has been proved in [65], asserts the following isomorphism:
[PγX
N/Γγ ] ∼=
⊗
n
[(LX)Nn/SNn ⋉ (Z/n)
Nn ] , (4.34)
where the action of Z/n is given by rotation by the angles 2πk/n on LX , the free loop space
of X . Because of the action of Z/n in LX factors through the rotation action of the cycle
S1 in LX , it follows (see for detail [56])
H•(L[SNX ];Z) ∼=
⊕
{γ}
H•(PγX
N ;Z)Γγ ∼=
⊕
∑
nNn=N
⊗
n
H•((LX)Nn ;Z)SNn . (4.35)
Let X be such that Hj(LX ;R) is finitely generated. Then using the previous results, Eqs.
(4.26), (4.27), (4.35), one can get
∞∑
N=0
qNP (L[SNX ], y) =
∏
j
∏
n∈Z+
[1 + qny2j+1]b(j odd)(LX)
[1− qny2j]b(j even)(LX)
=
∏
j
[R(σ = (2j + 1)(1− it)log y + iη(τ))]b(j odd)(LX)
[R(s = 2j(1− it)log y)]b(j even)(LX)
(4.36)
where bj(LX) is the j-th Betti number of LX . When y = ±1 Eq. (4.36) leads to formula
(4.31). Via the Chern character map we get
K•SN ((LX)
N) ∼= H•(L[SNX ];C) . (4.37)
The fact that the cohomologies of I[LSNX ] and L[SNX ] agree is a feature of the symmetric
product. In general, for any orbifold [Y/G], the cohomologies of I[LY/Γ] and L[Y/Γ] do not
necessarily agree.
4.4 Symmetric products of K3
Let a five-brane be wrapped around a K3 compactification manifold so that its world-volume
has the space-time topology of K3×S1. The space K3 has only non-trivial homology cycles
of even dimension, so to a given D-brane configuration we can associate an element of the
vector space H•(K3;Z) in the integral homology of K3. Such a vector can be identified
with the charge vector via the isomorphism [43]: H•(K3;Z) ∼= Γ
20,4, in which the norm on
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24-lattice Γ20,4 is defined with the intersection form. Note that a pair of three-branes can
intersect along one-dimensional string wrapping one (or more times) around the S1 direction,
while the one-brane intersects with the five-brane along a string around the S1. Thus these
strings formed by the D-brane intersections encode the internal degrees of freedom of the
five-brane 15. It has been shown that such multiple D-brane description leads to a two-
dimensional sigma model with target space the sum of symmetric products of K3 space
[9].
The counting of the BPS states is naturally related to the elliptic genus of this sigma
model while the degeneracies are given in terms of the denominator of a generalized super
Kac-Moody algebra 16. Remember that in the case of an affine Lie algebra the generalized
Weyl denominator identity turns out to be equivalent to the Macdonald identities; historically
this was the first application of the representation theory of Kac-Moody algebras [13]. The
generating function becomes [54]:∑
N
qNdimH•(SNK3 = (K3)N/SN) =
∏
n∈Z+
(1− qn)−24 = [R(s = 1− it)]−24 . (4.38)
In the case of a K3 or an abelian surface, the orbifold elliptic genus of the symmetric product
also coincides with elliptic genus of the Hilbert scheme.
5 Conclusions
In this paper we have discussed how elliptic modular forms and spectral functions of AdS3-
asymptotic geometry are intertwined with quantum generating functions of gravity (and
black holes), and with elliptic genera of sigma models associated to generalized symmetric
products. It is of course of utmost importance to find generalizations of the example con-
sidered here. Perhaps one could make analogues of N -fold products also for other type of
15 In type II string compactifications on manifolds of the form X × S1 it is possible to consider the
configuration of a D-string wound N times around the S1, bound to a (dimX + 1)-brane. In the case when
X = K3 this situation has been considered in [9] for D-brane computation of the five-dimensional black hole
entropy. The quantum mechanical degrees of friedom of this D-brane configuration are naturally encoded in
terms of a two-dimensional sigma model on the N -fold symmetric tensor product of X , that describes the
transversal fluctuations of the D-string.
16 A denominator formula can be written as follows (in [67] the product formulas of type (4.16) has been
interpreted in terms of the so-called denominator formula for the monster Lie algebra) [68, 69]:∑
σ∈W
(sgn(σ)) eσ(v) = ev
∏
n∈Z+
(1− en)
mult(n)
,
where v is the Weyl vector, the sum on the left hand side is over all elements of the Weyl group W , the
product on the right hand side runs over all positive roots (one has the usual notation of root spaces, positive
roots, simple roots and Weyl group, associated with Kac-Moody algebra) and each term is weighted by the
root multiplicity mult(n).
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supergravity solutions (see for example [70]). Indeed, we recall that new classes of eleven-
dimensional supergravity warped product of AdS3 with an eight-dimensional manifold X8,
which are dual to conformal field theories with N = (0, 2) supersymmetry (since of the
AdS/CFT correspondence), have been found in [71]. These new solutions are all S2 bundles
over six-dimensional base spaces. A two-sphere bundle can be obtained from the canonical
line-bundle over a six-dimensional base space B6. Physically this class of solutions might be
useful in obtaining type IIB and eleven-dimensional bubble solutions [72, 73] and it might be
derived from the multi-charged superstars [71]. Spaces B6 are products of Ka¨hler-Einstein
N -spaces (KEN ) with various possibilities for the signs of the curvature.
To obtain new N -fold solutions one can consider, for example, a general class of Ka¨hler-
Einstein spaces of the form X2N = KE
(1)
2 × · · · ×KE
(N)
2 , where KE2 is a two-dimensional
space of negative curvature (the reader can find in [74, 75] some homological and K-theory
methods applied to hyperbolic cycles). This class includes the product of 2N -fold two-
space forms, which are associated to discrete subgroups of SL(2,R)N with compact quotient
HN/Γ ≡ (H2 × . . .×H2︸ ︷︷ ︸
N
)/Γ [76]. In this context one could consider the following central
topics: (i) A discrete subgroup Γ ⊂ SL(2,R)N with compact quotient HN/Γ and the
Hilbert modular group. (The corresponding singular cohomology groups H•(Γ;C) have
been determined in [77]). (ii) The Eilenberg-MacLane cohomology groups H•(Γk;C), where
Γk acts trivially on C and the totally real number field k ⊃ Q. The corresponding spaces
are the Hilbert modular varieties: HN/Γk. (iii) The mixed Hodge structure in the sense
of Deligne [78]. The Hilbert modular group, Γk = SO(2, o), and the corresponding spaces
(Hilbert modular varieties) and functions (Hilbert modular forms) have been actively studied
in mathematics (for reference see [79]). Γk is the group of all 2× 2 matrices of determinant
1 with coefficients in the ring o of integers of a totally real number field. The Eilenberg-
MacLane cohomology groups H•(Γk;C) are isomorphic to the singular cohomology group
of the Hilbert modular variety H•(Γk;C) = H
•(HN/Γk;C), where, as before, H
N denotes
the product of N upper half-planes H2 equipped with the natural action of Γk. The Hilbert
modular variety carries a natural structure as a quasiprojective variety and its cohomology
groups inherit a Hodge structure. In fact the Hilbert modular group is a simplified example
of the cohomology theory of arithmetic groups and it is the only special case in which the
cohomology can be determined explicitly.
Having advocated in this paper the basic role of Lie algebra homologies and cohomologies,
we are naturally led to other problems, related to the quantization of nonlinear sigma models
and gravity. For instance, one might ask whether the quantum behaviour of these models
can be algebraically intepreted by means of infinitesimal deformations of the corresponding
Lie algebra g. No doubt this analysis requires a new degree of mathematical sophistication.
Perhaps all the concepts of what should be the “deformation theory of everything” might
be tested in the case of associative algebras, which are algebras over operads [80]. In many
examples dealing with algebras over operads, arguments of the universality of associative
algebras are called forth. This may suggest that a connection between the deformation
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theory and algebras over operads. The space H2(g; g), i.e. the cohomology of the algebra
g with coefficients in the adjoint representation, may be interpreted as the set of classes
of infinitisimal deformations of the algebra g. In this connection infinitisimal deformations
are cocycles from the cochain complex C2(g; g), while equivalent infinitisimal deformations
are cohomologous cocycles. Suppose [ϑ] is a class of infinitisimal deformations of g. For
the existence of the deformation it is necessary that all the Massey powers (i.e. at least
the elements of the space H3(g; g)) of the class [ϑ] vanish [3]. 17 Ordinary multiplication,
as well as Massey multiplication, can be naturally related to the class of the infinitisimal
deformations of Lie algebras and therefore to deformations of generating functions of the
quantum theory. We hope we will be able to discuss this problem in forthcoming papers.
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